A new macro-element useful for finite element approximations to fourth order elliptic problems with curved boundaries is presented. An error analysis is given 2 which shows that these elements achieve 0(h ) accuracy in energy.
2
which shows that these elements achieve 0(h ) accuracy in energy. 1 . Introduction. The purpose of this note is to present a new macro-element useful for finite element approximations to fourth order elliptic problems with curved boundaries. Let D be a closed bounded region of the plane with curved boundary T.
Let r be a triangulation of D with triangles with at most one curved side along the boundary.
For second order problems a very successful technique for handling curved boundaries is the use of isoparametric transformations. The exact boundary r of D is replaced by a piecewise polynomial curve rh and the finite elements are required to satisfy the essential boundary condition u = 0 on the approximate boundary. On each curved triangle T the finite elements are transforms back to T of polynomial elements on the standard triangle 7^. The same class of polynomials are used as finite elements on Ts as are used in defining the mapping from 7^ to T. Isoparametric elements, however, cannot be used in a conforming finite element method for fourth order problems because one cannot construct a Cx -coordinate transformation which maps curved triangles onto straight ones. In [7] , Zlámal proposes and analyzes a similar procedure but separates the coordinate transformation from the definition of the finite elements.
In our procedure we also separate the coordinate transformation from the definition of the finite elements. We shall assume that twelve parameter CloughTocher cubic macro-elements introduced in [5] are used on interior triangles. We shall use a quadratic polynomial coordinate transformation which means that Vh will be a piecewise quadratic polynomial approximation to the exact boundary T. Although the coordinate transformation is only a C°-transformation so that normal derivatives are not preserved, normal derivatives on the edges of the standard triangle can be expressed as easily computed polynomial combinations of tangential and normal deriva-tives on the edges of the curved triangle. For a quadratic polynomial coordinate transformation and Clough and Tocher elements on interior triangles (which imply that tangential and normal derivatives on the straight edges of curved triangles are quadratic polynomials), these combinations will be cubic polynomials.
Thus, in order to obtain Cx-finite elements on curved triangles in the region Dn with boundary Fh we must use a Cx-element in 7^ which has cubic polynomial values and normal derivatives in the edges of 7^, and choose the defining parameters so that the normal derivatives along edges match the above-mentioned cubic polynomial combinations of tangential and normal derivatives on the straight-sided edges of the curved triangles. An appropriate rational element was constructed in [2] and applied to curved boundaries in fourth order problems in [6] .
In this note we construct a new piecewise polynomial macro-element which also has cubic polynomial values and normal derivatives on the edges of 7^. This element is defined in the next section. In Section 3 we provide a mathematical analysis which shows that our procedure achieves 0(ft2) accuracy in energy, i.e. has the same accuracy as Clough-Tocher elements on polygonal domains. Thus XA[Pi+2) = 0 implies that q£Pi+2) = ',(^,+2) = °> wnich together with /,-= li+x on 7",. n r/+1 and a similar result on 7",-n r,+2 implies that I. = j3X(-, where ß is some constant. Thus, we have
(1) Vp, = a,X,\f+2VM,-,/+, + 3(3X2VX,. on 7",. n 7,.+,.
The continuity of the Vpf at G implies that j3 = 0. At the midpoint of T¡ n T¡+ x, \ = Vt-i = P-i 1+2 = ty+i 1+2 = ^-Thus, from (1) we obtain the relations aivXi+i = "i+iv'Mi+i,,-Since 'Mí,í+i = -Vwí+1>í, it follows that a0=-a1; aj=-a2, a2=-a0, which is possible only if aQ = ax = a2 = 0. This completes the proof. (2) u = un -0 on T.
Let T be the curved triangle shown in Figure 2 with the curved side given by the quadratic polynomial curve approximation to the curve T which interpolates Y at Px, P2 and a point M0 between Px and P2.
The standard triangle Ts with vertices Q0 = (0, 0), Q, = (1, 0) and Q2 = (0, 1) is mapped onto T by the mapping (3) x = (1 -s -t)P0 + is -2st)Px +it-2st)P2 + 4stM0, where x = (x, y). Let E¡ be the edge opposite the vertex P¡ in T and let E¡ be the edge opposite the vertex Q, in Ts. We want to construct finite elements ^(s, t) whose and o0 are rational functions but they do not actually enter into our computations since we shall take f0 and g0 to be zero in order to match the homogeneous Dirichlet boundary conditions. We choose our finite elements ty(s, t) to be elements of P (Ts) which have zero values and normal derivatives on E0 and which match given cubic polynomial values f¡ = f¡ and the normal derivatives g¡ given by (4) on the edges Ex and E2. In the triangulation r, let ft be the length of the longest side and let a be the smallest angle. We assume that In order to show that our procedure for curved domains has the same order of accuracy in the energy norm as the use of Clough-Tocher elements on polygonal do-mains, it is sufficient (see [6, Section 2] ) to show that for some vh in our finite element space Sh C Hq(Dh) (7) c-%W»><Äl'
where K is independent of ft, and u is the extension of the exact solution u to Dh (in the case that Dn <t D). On interior triangles we take vn to be the Clough-Tocher interpolant analyzed in [3] . On curved triangles we take vh to be the interpolant r**s r*u >**s u j to u defined as follows. Suppose u has values f. and normal derivatives g. on the edges of J. Let HCf= be the cubic polynomial interpolant to f-with respect to values and tangential derivatives at the vertices, and let QUgi be the quadratic polynomial interpolant to values of g-at the vertices and at M-. We define u¡ to be the transform under (3) of the element w/ of P\TS) which has cubic polynomial values f¡ = HCfj and cubic polynomial normal derivatives g given by gf = PiiHCfj)' + a} QUgj, / = 0, 1, 2.
Note that HCf0 = QUgQ = 0 so that vn C //2(Í2). Disix, y) = OQTli'), fftix, y) = 0(h~»), 1< lil< 2.
Thus (9) \Dae(x, y)\ < Kh'k Z lD"ê(s, t)\, \cx\ = k.
1(3 Kfc
We write ê(s, r) as ê = û -vu + mi -ûT, where 7rtî is the unique element of P iTs) which interpolates û with respect to the conditions of Theorem 1. The method used by Ciarlet in the error analysis in [3] can be applied directly (except for a change in norm) to show that (10) lzy»2(s, O-^OrÛX«. t)\<K\Û\4^J.s<K'h4\\u\\w4^J).
To complete the proof, we must show that <^ii.l4;0ori<rft4lc7l4;e0iT.
This combined with (6) establishes (11) and proves the theorem. The bound (7) follows from Theorem 2.
Similarly to isoparametric elements for second order problems, numerical integration is required to evaluate the integrals involving partial derivatives. The analysis of [4, Chapter 11] and [7] cannot directly be extended to apply to our finite elements since we have not shown the convergence of any vESh to u in /77"(7'I) on each subtriangle T¡ for m > 2. The analysis of [6] , however, can be applied to show that 0(ft2) accuracy in energy is preserved if an integration rule exact for quintic polynomials is used for each subtriangle of each curved triangle. This is in contrast to the fact that for equations with constant coefficients, such as the biharmonic problem, a rule exact for quadratic polynomials is sufficient for subtriangles of interior triangles. One should expect greater accuracy to be required on curved triangles, however, since finite elements associated with curved triangles are tricubic on each subtriangle of 7^ rather than cubic and second partíais in x and y are transformed to a sum of first and second partíais in x and t by the mapping (3), rather than a sum of second partials alone. This is in contrast to second order problems. 
